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Abstract 

Using a more accurate effective Hamiltonian governig the time evo- 
lution in the particle-antiparticle subspace of states than the one ob- 
tained within the Lee-Oehme-Yang approach we show that in the 
case of particles created at the instant t = only the masses of a 
stable particle and its antiparticle are the same at all t > in a CPT 
invariant system, whereas the masses of an unstable particle and its 
antiparticle are equal only at t = to ^'^^ then during their time evo- 
lution they become slightly different for times t ^ to if CP symmetry 
is violated but CPT symmetry holds. This property is used to show 
that if the baryon number B is not conserved then the asymmetry 
between numbers of unstable baryons and antibaryons can arise in a 
CPT invariant system at t ^ to even in the thermal equilibrium state 
of this system. 
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1 Introduction. 



The knowledge of all the subtleties of the difference between a particle and 
its antiparticle has a fundamental meaning for understanding our Universe, 
and especially for the explanation of the problem why the observed Universe 
contains (acording to the physical and astrophysical data) an excess of matter 
over antimatter. Searching for properties of the unstable particle-antiparticle 



pairs one usually uses an effective nonhermitean Hamiltonian |l| — [|1J] , say 
ifii, which in general can depend on time t |]TU|, 



H\\^M-'-T, (1) 

where 

M = M+, r = r+, (2) 

are (2 x 2) matrices, acting in a two-dimensional subspace Tiy of the total 
state space 7i and M is called the mass matrix, F is the decay matrix |I| — 
[|]. The standard method of derivation of such H\\ bases on a modification 
of the Weisskopf-Wigner (WW) approximation |15|. Lee, Oehme and Yang 



(LOY) have adapted WW aproach to the case of a two particle subsystem 
— @ to obtain their effective Hamiltonian H\\ = Hloy- Almost all properties 
of the neutral kaon complex, or another particle-antiparticle subsystem can 
be described by solving the Schrodinger-like evolution equation — 0], 
[0 — |2T| {wenseh = c = k = l units) 

>l,= i/|,|V>;t>|| (3) 



with the initial condition [21, 17 



II = to >i| II = 1, |^/';t < to >||= 0, (4) 

for lip^t >|| belonging to the subspace H\\ C H spanned, e.g., by orthonormal 
neutral kaons states \Ko >, \Ko >, and so on, (then states corresponding 

with the decay products belong to H Q H\\ '= 'H±). 

Solutions of Eq. (^ can be written in matrix form and such a matrix 
defines the evolution operator (which is usually nonunitary) U\\{t) acting in 
Hf 

1^; t >ll= f/||(t)|^; to = >||= f/||(t)|^ >||, (5) 
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where 



I?/' >ll= ai|l > +a2|2 >, (6) 



and |1 > stands for vectors of the \Kq >, |-Bo >, etc., type and |2 > denotes 

antiparticles of the particle "1": >, -Bo >> and so on, < j|k >= Sjk, 

j, k = 1,2. In many papers it is assumed that the real parts, 3?(.), of diagonal 
matrix elements of if y : 

^ihj,)^M,„ (j = l,2), (7) 

where 

/i,fc=<j|i/|||k>, (j,A; = l,2), (8) 

correspond to the masses of particle " 1" and its antiparticle " 2" respectivelly 
[0] — in (and such an interpretation of 3? (/in) and 3? (/122) will be used in 
this paper), whereas imaginary parts, ^i-), 

~2'^{h,,)=T,„ (j = l,2), (9) 

are interpreted as the decay widths of these particles |l| — 

Physicists look for the mechanism generating the observed baryon-anti- 
baryon asymmetry. Such a mechanism is necessary for an explanation of the 
matter-antimatter asymmetry in the Universe. Most theories of dynamic 
generation of the baryon assymetry use the so-called Sakharov conditions 



23^ — ||2g]. These conditions do not require CPT symmetry to be violated. 
The existence of C and CP violating processes, the violation of the baryon 
number and the existence of nonequilibrium processes are sufficient for baryo- 



genesis — |2^. These conditions can be met in many papers describing 
different ways of generating the baryon asymmetry. Unfortunately, there is 
no answer to the question which one of them, if any, is corret. Maybe for this 
reason some models of processes producing matter-antimatter masses differ- 
ence, in which a small violation of CPT symmetry at the origin is assumed. 



are also considered p6[ — |3^. Such models are discussed in spite of the fact 



that CPT symmetry is a fundamental theorem, called the CPT Theorem, of 
axiomatic quantum field theory which follows from locality, Lorentz invari- 



ance, and unitarity |3T|. This illustrates the importance of the problem of 
finding the mechanism producing the matter-antimatter mass asymmetry. 

One consequence of the CPT theorem is that under the product of opera- 
tions C, V and T the total Hamiltonian H of the system considered must be 
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invariant. From this property and from the properties of the LOY theory of 
time evolution in the subspace of states of two particle subsystem prepared 
at some initial instant to and then evolving in time t > to one usually 
infers that particles and antiparticles have exactly the same mass. Properties 
of singularities of scattering amplitudes appearing in S-matrix theory pro- 
vide one with reasons for a similar conclusion. Generally, such a conlusion is 
considered to be the obvious. 

The aim of this paper is to show by using a more accurate approxima- 
tion than the LOY theory, that only the masses of a stable particle and its 
antiparticle are equal in the CPT-invariant system whereas the masses of an 
unstable particle and its simultaneously created at t = to antiparticle must 
be slightly different at t 3> to when CPT symmetry holds but CP symmetry 
does not. This effect is found by analysing only the properties of approximate 
solutions of the Schrodinger equation for the initial conditions of type (^), 
(^. The paper is organized as follows. Formulae appearing in the LOY ap- 
proach and the derivation of the more accurate effective Hamiltonian H\\ than 
Hloy are described in short in Sec. 2. The properties of matrix elements of 
the H\\ implied by CPT symmetry are discussed in Sec. 3. Possibilities of 
an experimental verification of the results obtained in Sec. 3 are considered 
in Sec. 4. Sec. 5 contains a general discussion of the relations obtained 
in Sec. 3., and also some attempts to show that the mechanism following 
from the final relation of Sec. 3 can generate a conribution to the observed 
matter-antimatter asymmetry. A summary and final remarks can be found 
in Sec. 6. 

2 Preliminaries. 

2.1 Hloy and CPT— symmetry. 

Now, let us consider briefly some properties of the LOY model. Let H be 
the total (selfadjoint) Hamiltonian, acting in 7i — then the total unitary 
evolution operatorf/(t) fulfills the Schrodinger equation 

i^U{t)\<P>=HU{t)\<P>, UiO) = I, (10) 
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where / is the unit operator inH, |0 >= |0; to = >G is the initial state 
of the system: 

|0>=|V^>ii, (11) 

t > to = 0, and, in our case |0; t >= U{t)\(j) >. Let P denote the projection 
operator onto the subspace H\\: 

PH = H\\, P = P^ = P+, (12) 

then the subspace of decay products H± equals 

H± = {I - P)n = QH, Q = I -P. (13) 

For the case of neutral kaons or neutral 5-mesons, etc., the projector P can 
be chosen as follows: 



P = |1 >< 1| + |2 >< 2|. (14) 

We assume that the time independent basis vectors \Ko > and \Kq > are 
defined analogously to the corresponding vectors used in the LOY theory 
of time evolution in neutral kaon complex [Q: Vectors \Kq > and \Kq > 
can be identified with the eigenvectors of the so-called free Hamiltonian 
if (0) = H — Hj, where Hj denotes the interactions which are responsible for 
transitions between eigenvectors of H^^\ i.e., for the decay process. 

In the LOY approach it is assumed that vectors |1 >, |2 > considered 
above are the eigenstates of H^^'^ for a 2-fold degenerate eigenvalue mo: 

H'^%>=mo\i>, J = 1,2. (15) 

This means that 

[P, = 0. (16) 

The condition guaranteeing the occurence of transitions between sub- 
spaces 7i|i and T-C±, i.e., a decay process of states in TC\\, can be written as 
follows 

[P,Hj]^0. (17) 
Usually, in LOY and related approaches, it is assumed that 

0^(0)0-1 ^^(o)+^^(o)^ (18) 
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where G is the antiunitary operator: 

e = CVT. (19) 
Relation (O) is a particular form of the general transformation rule pll 



g: ece-i = O+p^, where O is an arbitrary linear operator. Basic 



properties of anti-linear and linear operators, their products and commuta- 
tors are described, eg., in ^ |3^ . 



The subspace of neutral kaons TYy is assumed to be invariant under B: 

eP0-i = p. (20) 

In the kaon rest frame, the time evolution for t > to = is governed by 
the Schrodinger equation ([T0|) with the initial condition (^, where the initial 
state of the system has the form (|Tl|), (||). Within assumptions (p!5| ) — (|1^) 



and assuming the following form of t >\\ for t > to (see [||], formula (21)), 

|^;t>,l=e-t*|^>,l, (21) 

(where A is a complex number, 3? (A) > 0), the Weisskopf-Wigner approach 
leads to the following formulae for the matrix elements hj^"^ of Hlqy (see, 
e.g., 0,1,0,1,11): 



hf^"" = <j\HLOY\k>=Hjk-^,kimo) (22) 
i . 
2' 

where, in this case, 



M;^r--rir, ij,k= 1,2), (23) 



Hjk = <j\PHP\k>=<}\H\k> 

= <}\{H^''^ + Hj)\k>=mo6,k+<}\Hi\k>, (24) 

Sj/c(e) =< j I S(e) I k > and 

S^(e) = nPHQ6{QHQ-e)QHP, (27) 



6 



and for real e, S«(e) = S^(e)+ and S^(e) = S^(e) + . (In Eq. (^ P denotes 
principal value). 

Now, if QHjQ^^ = Hj, then using, e.g., the following phase convention 
i-i 

0|1 >''=i:^-|2 >, 0|2>''=i:'-|l >, (28) 

and taking into account that < tplip >=< QiplQip >, one easily finds from 
(PD - m) that 

= h',r (29) 

in the CPT-invariant system. This is the standard result of the LOY ap- 
proach and this is the picture which one meets in the literature [|l| — 0, [p!^] . 
So, within this approximation the masses of particle " 1" and its antiparticle 
"2" are equal in the system preserving CPT symmetry, 

= M^^"". (30) 
2.2 Beyond the LOY approximation. 

The approximate formulae for H\\{t) (where t > ) have been derived in 
[0, [T^ assuming that 

[P,/7]^0, (31) 
and using the Krolikowski-Rzewuski (KR) equation for the projection of a 



state vector [|TT], |I2|. Such an approach is convenient when one searches for 
the properties of the systems prepared at some initial instant to, say, to = 0, 
and then evolving in time t > to = |jl2[|. In such cases the S-matrix 



formalism mentioned at the end of Sec. 1 does not work (it works when time 
t varies from t = —oo to t = +cxo), and all conclusions following from the 
scattering theory need not be true for these systems. 

The KR Equation results from the Schrodinger equation (p^O]) for the total 
system under consideration, and, in the case of initial conditions of the type 
(ITT]), takes the following form 



[i- 



PCX) 

- PHP)U\\{t) = -i K{t - r)[/||(r)rfr, (32) 

•J 



dt ' ' 7o 

where U\\{Q) = P and U\\{t < 0) = [|I7 



Kit) = 0{t)PHQ exp{-ttQHQ)QHP, (33) 
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and 0{t) = {1 for t > 0, for t < 0}. On the other hand, in this case 
simply 

Unit) = PU{t)P = Pe-''"P, (t > to). (34) 

Defining 

H\\{t) = PHP + V\i{t), (35) 
one finds from (||), (H) and ( ^2]) 



V\\{t)U\i{t) = -i I K{t - T)U\\{T)dT = -iK * U\\{t). 



(36) 



(Here the asterisk * denotes the convolution: f *g(t) = /q°° f{t — T)g{T) dr ). 
Next, using this relation and a retarded Green's operator G(t) for the equa- 
tion (H) 

G{t) = -iO{t) exp{-itPHP)P, (37) 



one obtains 12, 16, O 



V\\{t) U\\{t) = -iK * i +^(-i)"L*...*L *t/|{°^(t) 



n=l 



where L is convoluted n times, 1 = 1 (t) = S{t), 

Lit) = G*K{t), 

and 

f/{°) = exp{-ttPHP) P 



(38) 



(39) 



(40) 



is a "free" solution of Eq. (|32D . Of course, the series (pSQ is convergent if 
II L{t) II < 1. If for every t > 

II m ||« 1, (41) 
then, to the lowest order of L{t), one finds from ( p8D |I2| , |16|, |17 



V||(t) ^ K(')(t) = -I r K{t - r) exp [i{t - T)PHP]dT, (t > 0). (42) 

From (|36|) and (||) it follows that 

Vii{t = 0) = Vy\t = 0) = 0, (43) 



which (by (|35| ) ) means that 

Hii{t = 0) = PHP, (44) 

and thus in the general case 

hjkit = 0) = Hjk, Vjk{t = 0) = 0, (45) 

where Vjk{t) =< j|Vj|(t)|k >, j, k = 1,2. 

In the case of ( |I^ ) of the projector P, the approximate formula ( |^ ) for 
V^l(t) enables us to calculate the matrix elements Vjk{t > 0) of V\\{t) = Vu^\t) 



[|T^, [T^, which leads to the following expressions for Vjk{t oo) =^ Vjk (for 
details see [0, [T^]), 

(46) 



Vj2= - -[l-—pj2iHo + n)--[l + ^)J:,2iHo-K 



where j,k = 1,2, 



and 



H^ = ^iH^,-H22), (47) 

Ho = ^{Hn + H22),, (48) 

K = m2\'+H'.y/'. (49) 

hjk = Hjk + Vjk, (50) 

which defines the operator H\\ =^ H\\{t oo) =^ PHP + ^[^''(^ oo) = 
H\\{oo). It should be emphasized that all the components of the expressions 
(^61) are of the same order with respect to S(e). 



Hence, by 
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These formulae for Vjk and thus for hjk have been derived without assum- 
ing any symmetries of the type CP-, T-, or CPT-symmetry for the total 
Hamiltonian H of the system considered. According to the general ideas of 
the quantum theory, one can state that the operator H\\{t oo) = i7||(oo) 
describes the bounded or quasistationary states of the subsystem considered. 

The same formula for H\\ (oo) can be obtained by improving the method 
described in 3. Namely, analysing the LOY derivation of the effective 
Hamiltonian for the neutral kaon complex one can observe that the compo- 
nents containing the matrix elements < j|iJ/|k >, (j. A; = 1, 2) are neglected 
in the right sides of Eqs (18), (19) in [|I|. It is found in that such an 
approximation is not true for the whole domain of the parameter t: It is not 
true for t ~ to = 0. The formulae for the improved effective Hamiltonian 
Hloy can be obtained by considering the equations for the component \'ip >\\ 
of the state vector \ip > instead of the LOY equations for the amplitudes 
ai,a2 (see Eq (^ ) mentioned above. This approach takes into account the 
matrix elementsof Hj which were neglected in the LOY paper |]l|. It appears 
that such Hj^QY equals H\\{oo) exactly ^5 . 



Properties of the matrix elements hjk of the apprroximate ify (t) described 



in this Subsection have been examined in |16] for the generalized Fridrichs 



Lee model |jT8|. For this model it has been found in [T^ that hjk{t) ^ hjk 



practically for t > T^^ ~ 7r(mo-|mi2|-M) ' "^^^^^ = = ^22, "^12 = Hu 
and (mo — /i) is the the diffrence between the mass of the unstable particles 
considered and the threshold energy of the continuum state of decay products 
(see [0, formula (153)). For the neutral K-system, to estimate Tas it has 
been taken (mo — |mi2| — yu) ~ (mo — fi) = rriK — 2m^ ~ 200MeV, which 
gives T,, ~ 10-22 sec pi. 



3 Consequences of CPT— invariance. 

In the case of preserved CPT symmetry, 

OHQ-^ = H, (51) 

and violated CP, 

[CP, H] + 0, (52) 

assuming (^8]) one finds 

Hxx = H22, (53) 



10 



which imphes that for t = (see (^) ) 
This property means that 

3? {hum = Mll(O) = 3? (/l22(0)) = M22(0), 



(54) 



(55) 



i.e., in CPT-invariant system a particle and its antiparticle are created at 
t = as quantum objects with equal masses. 



'11 



22, 



From ( p3D it also follows that k = \Hi2\, = and Hq = Hi 
and [13 

Sn(£ = s*) = S22(£ = e*) So(£ = e*)- (56) 

Therefore for t 00 the matrix elements (|^) of operator Vj® (Vj^ denotes 
1^1 when ( pTD occurs) take the following form 

- l{E,,(i/„+|i/i2|) + E„(ff„-|i/,2|) 
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2 ^ 

+ r^S,2(i/o + |i^l2|) - ^^,2{Ho - |i/l2|)}, 



121 



121 



^{S,2(i/o + |i^i2|) + S,2(//o - |i^i2|) 



(57) 



+ 



J:,i{Ho + \Hi2\) - ^S,i(ifo - |i^i2|)}. 



121 



121 



Using these relations one easily finds 
1 



22 



2\H 



12 



H21 Tj12{Hq + |i?12|) — -f^l2 S2l(-f^0 + |-f^l2|) 



if 21 Si2(iio — |-f^l2|) + -f^l2 '^2i{.Hq — \Hi2\) 



(58) 



where /i^ is defined analogously to f^. From this Equation it follows that 
within the more accurate approximation than the one used by Lee, Oehme 
and Yang there is 

h^i - hg ^ 0. (59) 
So, the more exact approximation does not confirm the standard LOY result 



(|29D . Expression ( ^8|) also impairs a conviction that a particle and its antipar- 
ticle have always the same mass in CPT-invariant system, i.e., the conclusion 
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( |30[ ) of the LOY theory. Namely, taking into account the decomposition (p5|) 
it is not difficult to obtain the following relation from ( ^8]) 

- ^{^^(2(^0- 1^121)} (60) 
Mil - M22 = Am, 

which means that the masses of a particle and its simultaneously prepared 
antiparticle need not be equal at t — 00 if CPT-symmetry holds. Only at 
t = 0, i.e., at the moment of the creation of a particle and its antiparticle 
their masses can be equal (0). The sign of Am depends on the form of H. 

It can be expected that similar conclusions can be drawn using the ap- 
proach exploited in 0, where perturbation theory correction improving 
Hloy have been considered. 



4 Possible experimental consequences. 

It seems that the only way for an experimantal verification of the effect 
expressed by formula ( |60D in the near future is to search for the properties of 
Kq, Ko and similar complexes. The real part of {hu — /i22) can be expressed 
by the parameters measured in the experiments with neutral K, or B mesons 



0] — O' HI' ^^^^ experimentally measurable quantity. Within 

the use of the formalism described in Sec. 2.2, {hn — /i22) has been estimated 
for the generalized Fridrichs-Lee model [|18|. Assuming CPT-invariance (i.e., 
( |5TD ) and |mi2| = |i^i2| ^ ("^0 ~ = i^o ~ it has been found in []T9| 
that 



j?(/.fi^-/.r2^) ^ ^ """"ll^"^^^^"" 

^ ^ (mi2r2i) 
~ 2(mo - Ai) ' 



(61) 



where h^j" , (j = 1,2), denotes hjj calculated for the Fridrichs-Lee model. 
For the /sTq, ^-complex Fai = F*2 ^ ^{^12) ~ |F, ~ 3, 7 x IQ-^^MeV. 
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This property and relation ( PH ) enable us to find the following estimation of 
3? (/if/' - h^2^) for the neutral K-system [|19| 



3ft (/ifi^ - h^^^) ~ 9, 25 X (mi2) = 9, 25 x 10"^^$5 (i/is). (62) 

The assumptions leading to (|6lD can be used to obtain 

lFL , uFL o -P ^ (-f^2iri2) .„„s, 

^11 + ^22 - 2mo - - , (63) 

/ mo — yU 

(where Fq = Fn = F22 ) which and (|6TD, (p2[ ) give 

^ ^i^^L-r, ~ 9, 25 X 10-1^ (S. (Hu)) [MeV]-\ (64) 
(where mo = m^^ is inserted). This estimation does not contradict the ex- 



perimental data for neutral K mesons |36 



From (^) it follows that the effect described by relation ( pOD is very, very 
small indeed, and it is, probably, beyond the accuracy of today's experiments 
[Pm. Test of more higher accuarcy are expected to be performed in the near 
future 0. Advances in the experimental methods are planned in DA$NE 
project at Frascati (Rome) and BARBAR at SLAC (Stanford) to measure 
the smallobservables for neutral meson systems. So, there is a chance that 
the effects described in Sec. 3 can be confirmed experimentally in the near 
future. 



Using the formalism described in Sec. 2.2 it has been shown in [|I6|, q7 
that eigenvectors |/* >, |s* >, 



\l'> = (,^|^^;)p),;. [|l>-aK^)|2>], (65) 
\s'> = (,^|^^(\)p),,, [|l>-a,(t)|2>], 

(for the definitions of ai(t),as{t) see [jl6[ ) of the more accurate effective 



Hamiltonian, H\\{t), for the neutral K mesons complex possess the property 

|/(s)*=o >^ |/(s)*^°° >=^ \l{s) > if the CP symmetry is violated (i.e., if 
( |52D holds). This property is the consequence of the fact that H\\(t = 0) 
7^ H\\{t — > 00). For the eigenstates {K^s) > of H^oy such an effect is ab- 
sent. (The eigenstates |/* >, |s* > for H\\(t) correspond to the eigenvectors 
\Kl{s) > for Hloy)- The property of |/* >, |s* > mentioned above means 
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that the real properties of the system created at to = should be different 
at t = to = and at t 3> to, i-e., at t — > cx). Relations (|5^), (|55D and (|59|) , 



are a consequnence of this effect. Another implication of the above is 
that I < /(s)*=°|/(s) > I ^ 1, although < /(s)*=°|/(s)*=° >=< >= 1. 

The possibility to verify of this effect by an experiment has been discussed 
in [0, |l^ |3^. The following problem arises: The states |/*^'' >, > 
are not orthogonal, < l^^^\s^^^ 0, and similarly < t;/*|s*;t > \t>Tas = 
<t;l\s;t> \t>Tas 7^ 0, where |/(s);t > |t>T,, ^ exp (-it^r||)|/(s) > |t>T,,. 
This means that at time t an observer is unable to register separatelly de- 
cay products of the state |s* > and of |/* > [0. Nevertheless, it seems 
that this difficulty can be overcome. Namely, taking into account that for 
the neutral K mesons system tk^s) ^ Tas and r/ ^ 0, 58 x IO^Ts, [^], one finds 
\ < t;l\s;t > ~ e"^ | < /|s > ^ ~ e"^ \ < Kl\Ks > and 

\<t;l\s;t> ~ e-i (e-o-58)ioo | < /|s > |2 ^ g-i(g-o.58)ioo \ < Kl\Ks > \^ 

= 0. This last estimation menas that for times t ^ ti and t > ti the result 
of the observation of the decay process of states |/ > is practically not dis- 
turbed by the decay of states |s >. Now we can find the probability pi{t) of 
finding the system in the particle state of type |/* > at a relatively long time, 
t ^ Tas, if it were in the state of this same type at t = 0, (i.e., in |/*"° > ). 
It equals 0, 

= exp(-tr;)| < /*=°|/ > |2. (66) 
From this, the conclusion that there is a chance of observing a new effect 



which is absent in the standard LOY theory was drawn in Simply, 
within the LOY approach one has 

pi{t)^PKAt) = \<Ki=\(-'tHLOY)\KL>\' 

= I < KL\e(~'^^LOY)\XL > p ~ exp(-trO. (67) 

Now, if one has the possibility of determing the function pi{t) directly from 
the experiment, then starting from this experimentally determined pi{t) one 
can draw a segment of a straight line for t ^ ti and t > ti, 

yi{t) = \npi{t) + bi, itr^ri,t>ri), (68) 

where 

6z = ln| < /*=°|/ > |l (69) 
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(The time t = is the instant of the creation of the neutral K meson). Then 
one can produce tliis segment extrapolating it to the intersection with the 
y-axis. The point y(0) determines the value of the parameter hi. The ap- 
proximation described in Sec. 2.2 (which is more accurate than the LOY 
method) predicts that there should be 6/ 7^ in the CPT invariant but CP 
noninvariant system, whereas within the LOY theory one finds hf^^ = 0. 
This situation is presented in Fig. L In this case tan 93 = F;. 



Figure 1: The hypothetical form of the extrapolated experimentally obtained 
(bold line) curve yi{t) = lnp;(t) = —Tit + 6;. 







n 



t 




15 



The following estimation has been found for the value of the parameter 



k in 37 : 6, ~ -2.67 x 10" 



It can be easily shown that if the property (^Tj) holds then iJy = Hlqy 



if and only if \Hi2\ = 0, and similarly, following |T^, that (/in — /i22) = if 



and only if \Hi2\ = 0. This means that if \Hi2\ = \ < l\Hj\2 > | 7^ then 
there should be H\\ ^ H^oy and thus 6/ 7^ 0. 

Any experimental confirmation of this effect, i.e, that hi 7^ 0, will mean, 
contrary to the predictions of the LOY theory, that if CP symmetry is 
violated then the properties of the system at the instant of its creation, 
t = to = 0, and at time t ^ to {t 00) are different. Indirectly, after veri- 
fying if H12 7^ 0, it will also mean that the other conclusions derived within 
the use the more accurate approximation described in Sec. 2.2, (including 
results obtained in Sec. 3) should be true. 

There is another relation which seems to be useful when one tries to verify 
predictions based on the aproximation described in Sec. 2.2. Namely, one 
can find that 

ai + as = r , (70) 



see 



hi2 

TOY ^.LOY 



Iq , |T7|)- Within the LOY theory one simply has af = a 
— af*^^, that is, '^^ + af*^^ = 0. So, if {hu — h22) 7^ then measurements 
determining the values of the parameters ai and as more accurately than it 
is possible in todays experiments should confirm this property. 



5 Discussion. 

5.1 General remarks. 

The real parts of the diagonal matrix elements of the mass matrix ify, hu 
and /122, are considered in the literature as masses of particles |1 >, |2 > 
(eg., mesons Kq and Kq, etc.,) — [§]. Result (|60D means that if Ej;i.(i7o + 
|-f^i2|) 7^ 0, or if Ej^(ifo — \Hi2\) 7^ 0, (j, = 1,2), or if both these cases 
occur, i.e., if particle "1" and antiparticle "2" are unstable and if they were 
simultneously prepared at t = to = 0, then at t to (in particular at 
t — > 00) the masses of a decaying particle "1" and its antiparticle "2" should 
be different if CPT-symmetry is conserved and CP is violated in the system 
containig these unstable particles. In other words, unstable states |1 >, |2 > 
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appear to be nondegenerate in mass if CPT-symmetry holds and CP does 
not in the total system considered. 

On the other hand, examining properties of the operator Sj;i.(e) ( P7| ) one 
finds that 

S},(i7o ± 1^121) = if (Ho ± \Hu\) < £m, (71) 

where Em denotes the lower bound for the continous part adQHQ) of the 
spectrum a{QHQ) of the operator QHQ. States |1 >, |2 >, for which this 
property occur, correspond to bound states and they cannot decay at all. 
This observation and relation (|60|) mean that in the CPT-invariant system 
the masses of a given particle and its aniparticle prepared at the finite instant 
t = to > — oo are equal (i.e., apear to be degenerate) only in the case of bound 
(stable) states |1 >, |2 >. The case when vectors |1 >, |2 > describe pairs of 
particles p,p, or e^, e^, can be considered as an example of such states. 

In fact there is nothing strange in these conlusions. From (|5l|) (or from 
the CPT Theorem ) it only follows that the masses of particle and 
antiparticle eigenstates for H (i.e., masses of stationary states of H) should 
be the same in CPT invariant system. Such a conclusion can not be derived 
from ( pT] ) for particle |1 > and its antiparticle |2 > if they are unstable, 
i.e., if states |1 >, |2 > are not eigenstates of H. One should remember that 
the CPT Theorem of axiomatic quantum field theory has been proved for 
quantum fields corresponding to stable quantum objects. Only such fields 
are considered in axiomatic quantum field theory . There is no axiomatic 
quantum field theory of unstable quantum particles. So, all implications of 
CPT Theorem (including those obtained within the S-matrix method) need 
not be valid for decaying particles prepared at some initial instant to = and 
then evolving in time t > 0. Simply, the consequences of CPT invariance 
need not be the same for systems in which time t varies from t = — oo to 
t = +00 and for the system in which t can vary only from t = to > —oo to 

t = +00. 

The following conclusion can be drawn from (|55D and (|60D: The time 
evolution causes the masses of the unstable particle and its simultaneously 
prepared at t = antiparicle to be different at t > Tas in the CPT invariant 
but CP noninvariant system. 

All the above conclusions contradict the standard result of the LOY and 
related approaches. Properties of the real systems described by formulae 
are unobservable for the LOY approximation. On the other hand, 
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these relations are not in conflict with the general conclusions of [|1^, |1^], 
where CPT-transformation properties of the exact H\\ (t) have been studied. 
Confronting relation ( PPD with one should remember that, in fact, the 
LOY model is unable to describe real properties of the system considered 
[|l^, ^ Namely, it has been proved in |l^, that systems containing 



an exponentially decaying subsystem (i.e., evolving in time according to (pT])) 
cannot be CPT-invariant. A similar conclusion can be drawn from the results 



obtained in p2[. This means that the CPT-symmetry properties of the LOY 
model need not reflect real properties of the system considered. At the same 
time from [O, M it follows that CPT- and other transformation properties of 



the effective Hamiltonian described in Sec. 2.2 are consistent with properties 
of the real systems. 

Note that considering in detail the generalized Fridrichs-Lee model one 
finds that Vj^ = 0, {j,k = 1,2) for rriQ < /i, i.e., for bound states WE 



p!6| . This observation and relation (^) imply that for bound (stable) states 
^ (^fi^ ~ ^22^) — 0- if CPT-symetry is conserved in this model, then par- 
ticle and antiparticle bound states remain to be also degenerate in mass be- 
yond the LOY approximation, whereas unstable states (i.e., states for which 
mo > /i) appear to be nondegenerate in mass in this model if CPT-symetry 
holds but CP does not. These observations confirm our earlier conlusions 
following from (|60D, ([711). 



As it was mentioned in Sec. 4, one can conclude from (^), (|6^ ) that the 
relation (^) leads to a very small value of Am, which is probably, for single 
"particle-aniparticle" pair, beyond today's experiments accuracy. Never- 
theless, this effect should be significant if the number of pairs of unstable 
particles and their antiparticles is very large. Such conditions can be met 
at the origin immediately after the "Big Bang", at the first instants of the 
existence of our Universe |2^ — [0. (Note, that the initial condition (^) 



corresponds exactly to the case of the creation of the Universe). 



5.2 Possible cosmological applications. 



In p6[ — an observation has been used that a baryon asymmetry could 



arise even in thermal equilibrium if CPT symmetry is violated. It is assumed 
in such theories that CPT is not realized as a good symmetry in the early 
Universe. From the main result of Sec. 3, (|60D , it follows that in fact CPT 
need not be violated in order that the baryon asymmetry could occur. Indeed, 
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the termodynamic observable number density, n^'^, in thermal equilibrium, 
is a function of temperature alone: 

nfHT) = 9x I ^J^iP,n (72) 
where gx is the number of spin states of particle type X, 

fxiP, T) = -rp ^rUr ' 

is the equilibrium phase space occupancy, nx is a possible chemical potential 
of the particles considered. Ex = V + and p is the momentum, p = |p| , 



± refers to Bose-Eistein (— ), and Fermi-Dirac (+) statistics p3|] — |pO| . 
In the literature the relation 

nTiT) = rq^\T), (74) 

which can be obtained from ( |75D assuming that masses, m, of particle, X, 
and m of antiparticle, X, are equal, (i.e., that Ex = Ex), and that baryon 
number B is not conserved, (which, in thermal equilibrium, imlpies ^x = 



ill — H)) is considered as the suggestion that without some extra mecha- 
nisms (e.g., a violation of CPT) the particle-antiparticle asymmetry can not 
be produced. 

Taking into account the results of Sec. 3 one finds that in fact there is 
m = rrit, and 

mt=o = mt=o, (75) 



def , — def — /''tc\ 

mt>Tas = mt>Tas = (76) 



but 



and thus Ex = Vr?7?~+~p^ = y + in the case of unstable particles 

X, which implies rfx {T) ^ n^' (T) instead of (p3|). The relation n^' (T) ^ 
n^'^{T) means that the asymmetric number of particles X, and antiparticles 
X, can be generated at time t > Tas ^ t = to = in a CPT invariant but 
CP noninvariant system even when there is no the extra mechanism in this 
system and even were the symetric numbers. A/"/*" of X, and Af^ of X at time 
t = to = 0: _ 

Klo = Klo- (77) 
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If to take into account that in the observed Universe ^ -M"^, the follow- 



ing conclusion seems to be obvious 

mt>o < rfit>Q. (78) 

Now let us examine the supposition that asymmetric numbers of particles 
and antiparticles can be generated at time t > Tas in thermal equilibrium. 
Only the simplest nontrivial example will be considered in this paper. From 
the results of Sec. 3 it follows that stable particles cannot produce any 
contribution into the diference of masses particles and antiparticles but only 
unstable particles can generate the matter-antimatter masses asymmetry. 
So, we will consider only unstable X. Assuming that the baryon number 



B is not conserved we will take j^x = p3| — [Q, (In general, for most 
purposes it is reasonable to set fj, to be zero |^). Thus the number density, 
n'x'^, of unstable particles X in thermal equilibrium state equals 



where a = ^ > 0, and 



I^.T'lN^a). (79) 



^^^^^dx. (80) 



Similarly, for the number density ^^'^ of antiparicles X one finds 



^(^) = ^^'^^(«)' (81) 



where a = ^. 



From the observations of our Universe it follows that n^'^(T) > n^'^{T) 
at time t 3> Tas- It can occur in thermal equilibrium only if m < m. So 
tere should be m = m + Am, and Am > 0. Now if we take into account 
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the estimation (0), from which it follows that Am should be much, much 
smaller than m and m, and define 



cr 



def 



Am 



then we find for Am ^ m, i.e., for a = ^, a = ^ and a <C a 



where 



dof (JJ-N 



dx 



(82) 



(83) 



This means that the difference between the number densities of particles and 
antiparticles in the thermal equilibrium should be approximately equal 



Using this relation the following ratio can be found 

■AAf('^) 



^,efnf^iT)-nf^iT) _ Am J±„ 



T /±(a) 



(84) 



(85) 



T ^dz 



Taking into accout the result (|A.11|) the difference (|4|) between number 
densities takes the form 



eq,± / 



9x_ 
27r2 



m' 



n=l 



m . 

T 



(86) 



At the same time, the results (|A.11| ) and ( |A.10| ) lead to the following 
expression for the ratio r]^ 



^ _ Am En=i{TirK,{an) 



(87) 



(The functions Ki{x), K2{x), which appear in the last two formuale, are the 
modified Bessel functions [H3|)- 
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Relations ( p6D and ( |87D are rather inconvinient. So discussing the problem 
whether the effect described at the end of Sec. 3 by formula (|60D is able to 
generate a significant contribution to the observed baryon-antibaryon asym- 
metry or not, it is sufficient to consider the simplest lower and upper bounds 
for the ratio rj^. 

The estimations given in Appendix B lead to the conclusion that the ratio 
vt dH) the foUwing simplest (and rather rough) lower and upper bounds 



Vx,min 



^ Vx ^ Vx,mx'> 



where 



and 



± def Am [—lAN,mxi(^)] 
Vx,mx 



T 



N,min 



a 



Vx,min 



def Am [—lAN,mini'^)] 



T 



^N,mxiO') 



(88) 
(89) 

(90) 



So, in the case of fermions (baryons) the bounds ( p.3|) and ( p.7| ) yield 

Am 1 Ki(a 



Vx 



T (1 - e--)^ Ko(a) 



which, within the use of ( |B.11|) , ( |B.12[ ) gives for ^ ^ 1 

Am 



and for f > 1, 



Vx 



Vx, 



2m ' 
Am 



Analogously, taking into account ( p.2|) and ( p.8|) one finds 



Vx 



Am 



l-e-'^)2 



Ki(a) 



T ' ' K2{a) 

From this expression and from ( B.ll|) , ( p. 12 ) it follows 



1 Am /m\ 3 



Vx,min 
Vx,min 



2 T VT 
Am 



,f«ij 



T ' 



(91) 

(92) 
(93) 

(94) 

(95) 
(96) 
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Considering the case of bosons and using 



and 



one obtains 

(97) 



T ' ' K2{a) 

Thus, keeping in mind (|B.11|) , (|B.12|) , the following conclusions can be drawn 

, „ Am m 



T T' 
Am 



T 



The lower bound for rj^ can be found using ( [B.4| ) and ( [B.10| ). One has 

_,_ Am 1 Ki{a 

Vx,min 



T (l + e-YK2(a) 



(98) 
(99) 

(100) 



By means of (|B.11|) , (p.l2| ) one can obtain the following estimations for //^^j 

, 1 Am m 



Vx 



Vx, 



8 T T' 
Am 

rp ) \ 



^«l), 



(101) 
(102) 



Now let us consider, e.g., the case ^ 1. One observes that in this case 



Vx 



Vx 



Vx 



Am 



One can convert this formula into the following one 

Am T 



m 



Vx 



m 



(m> T), 



(103) 



(104) 



which is valid for unstable fermions (baryons or leptons) as well for bosons 
(mesons). 

Theory of big bang nucleosynthesis, which very accurately predicts the 
abundances of all light elements, as well as the comparision of baryon and 
foton densities in the Universe, lead to the conlusion that the there should 
be the following bounds for the ratio t]^: 10~^ ^Vx^ 10~^^ — pOf. So, 
using the relations ( |103| ), or ( |104| ), and inserting there, eg., rj^ = rj^^mx = 10~^ 
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one can obtain some allowed, numerical value for Am. Thus one can verify if 
the effect described by the relation (|60|) can produce suitable Am. From the 
formula (^) it follows that if Hq and |i^i2| are suitable large and |-f^i2| ~ \Hq\, 
or even \Hi2\ > \Hq\ then the expression (|60D for Am = 3? (/if^ — h22) can 
take the required values. Indeed, expanding T,i2{Hq ± \Hi2\) by its Taylor 
series expansion one finds (to the lowest order of |-f^i2|) 



Am = 3ft (/ifi - hg) = 2 $5 [H21 



dx 



x=Ho 



(105) 



One should stress that due to the presence of resonace terms, the derivative 
^^Q^^^^ need not be small, and so the product if2i— in ( |105| ), especially 
if \Hi2\ is suitable large. Note that the contribution of the higher terms 
of Taylor series expansion of Ei2(-ffo =t l-f^i2|) into Am can be even more 
large than ( |105| ) for suitably large |i^i2|- The conditions guaranteeing the 
required magnitude of \Hi2\ can be met at the first instants of the exsistence 



of our Universe. (The estimations (|62D , (|6^) refer to the today's epoch and 
to the case of neutral K mesons only). Note also that in the relation ( |104| ) 
the parameter 7]^ is multiplied by very smal factor — . Therefore it seems 



that the effect described by formulae (JB^) and ( |105| ) can have a significant 



contribution to the observed baryon — antibaryon asymmetry, and thus it is 
able, maybe together with one from the other mechanisms considered in 
— p8[, to explain the matter — antimatter asymmetry. A more detailed 
analysis of the cosmological consequences of the property (|60[) can be given 
in the future papers. 

Note that the magnitude of \Hi2\ and \Ho\ has not any effect on the 



validity of the approximate formulae ( ^q) for matrix elements Vjk of V\\ ~ 
Vu'^\ by means of which matrix elements hj^ of H\\ are defined. The condition 
(|39D, Swhich secures the validity of this approximation, does not depend on 
\Hi2\. So, the effect expressed by the relation (^) occurs for large \Hi2\ too. 



6 Final remarks. 

The approximation described in Sec. 2.2 shows that at t = the diagonal 
matrix elements /iii(O), /i22(0) of the effective Hamiltonian H\\{t) are equal, 
which means that masses of particles nad their antiparticles are equal at the 
instant of their creation. The property ( |60D occurs for t > > 0, (here 
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is calculated for the pairs of particles X, X discussed in the previous Section 
and it corresponnds to the time Tas, which was calculated for the neutral K 
system), which means (as it follows from Sec. 5.2) that if the baryon number 
B is not conserved and if CP symmetry is violated then the asymmetry 
between the numbers of unstable baryons and antibaryons can arise in a 
CPT invariant system at t > > even in the thermal equilibrium state 
of this system. This means that the effect described in Sec. 3 can replace 
the major part of models of type considered in — and it has major 



advantage over those models, namely it does not require CPT symmetry to 
be violated. 

In this place the one more problem should be touched. Namely the quan- 
tum field theory provides us with the recipe of how to construct some charge 
and number operators. The baryon number operator B is used in some pa- 
pers in order to prove that the third Sakharov condition for bryogenesis is 
necessary. Namely in these papers assuming ( |5TD the equilibrium average of 
baryons, < B >t, was calulated 

<B>T = Tr(e-^^fi) = Tr (e-^e(e-^^5)) 

= Tr (eie-f^^ B)Q~^) = - < B >t ■ (106) 

From this equation it follows that < B >t= 0, which is considered in the 
large literature as the proof that there cannot be any generation of the net of 
baryon number in equilibrium. Such a conclusion is true, but only for stable 
baryons (generally, only for stable particles). This is because such operators 
as the baryon number operator (and in general any charge operator) are 
expressed by means of fields corresponding to the particles considered. There 
are no quantum fields which correspond to unstable particles. Therefore any 
charge operators for unstable particles do not exist. Simply, calculations 
leading to the relation ( [L06| ) cannot be performed in the case of unstable 
particles. This means that the conclusions following from the relation ( |106| ) 
can not be extended to the case of unstable elementary quantum objects 
which are considered in this paper. Mathematics and logic give no reasons 
for which consequences of the relation ( |106| ) can be extrapolated to the case 
of unstable particles. 

It seems that estimations (§3), ( |6lD should be also taken into account 
when one wants to interepret tests of quantum mechanics and CPT symmetry 
in the neutral kaon system [^, Indeed, the parameters used in |^ to 
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describe the deviations of quantum mechanics, or violations of CPT, are of 
similar order to (62), (|6^) |39, 40| . This means that the interpretation of 
CPT tests, or tests of modified quantum mechanics, based on the theory- 



developed in ||3^, |39[ may be incorretct. A similar conclusion seems to be 
right with reference to the theories describing effects of external fields on the 
neutral kaon system |^ . Also, the interpretation of tests of special relativity 



and of the equivalence principle |^ is based on the standard form, (|22|) , (^) 
of the Hloy- The order of the effects discussed in |^ can be compared to 
(|62D . So it seems to be obvious that the application of H\\, (^), (|50D , (W^) 
instead of Hloy, when one considers theories developed in all these papers. 



can lead to conclusions which need not agree with those obtained in |^ 



Finishing our considerations one ought to mention one more property of 
relations ( |5SD and (|5D|). Namely, if instead of (^^, one has [CV, H] = 0, then 
hii — = in ( pHD and Mn — M22 = in ( ]60| ) for stable and unstable 
states |1 >, |2 > 11]. 

Last of all it should be emphasized that the relations obtained in Sec. 3 
and conclusions (|58|), (|60D and others following from them are not a hypoth- 
esis. This is a rigorous mathematical result obtained within the use of basic 
assumptions of Quantum Mechanics. 



A Appendix 



Performing the integration by parts in (|80[) one finds 

1 roo ~ 



, ,x -a)2- -TT 

3Ja ' ' e^±l2 



3 Ja 



:i±e- 



-x\2 



dx 
dx. 



where a > 0. 

The function I^n{z), (^3|), is defined as follows 



def L/J N 



dlUx) 



dx 



(A.l) 
(A.2) 
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oo 

2 ^2^ 



-z (x^-z')^- -dx (A.3) 



OO T p 

2 ^2\^ ^ 



/^>o' ' (l±e-^) 

Now let us consider the integral 



J^z)'^ {x'-z')-^-—-—dx. (A.5) 



oo 



I e 



lz>o^ ' (l±e-^)2 

This integral can be transformed into the following one 



oo 



oo 



' — /-oo , 

/ (x^- l)2e'"^"dx, (A.7) 

ra=l ^ 

(where 2; > 0) which can be intergrated term by term. This leads to the 
following result 



o^i 00 



Jt{z) = T^r(i±2)a^ Y.i^l)-n--K^{nz), (A.8) 



7^ ^1 



where T{x) is the Gamma function and Kn{x) is the modified Bessel function 

(see, eg, 

/ 7 X ' + 1 , /tt /"OO , 

Ki^iz) = (-) ^ e-*(t^ - 1)^ dt, {z > 0). (A.9) 



Thus the integrals J^(a), (|g), (^) and /A7v(a). (H). O' equal 



= ^a^y S±^K2{an), (A.IO) 
^1 n 

^A7v(«) = -aj7i^(a) 

00 

= ±a^y{TlTKi{an). (A.ll) 

n=l 
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The series representations as well as the asymptotic expansions of Ki{z), 
K2{z) for z <^ 1 and for z 1 can be found, e.g., in Unfortunately 
the mentioned asymptotic expansions are useless when one tries to estimate 
the infinite series appearing in ( |A.1CI|) , ( [A.ll|) . This can be achieved if to use 
the following more simple estimations. Namely, using relation (|A.9|) one can 
majorize the modified Bessel function, eg., as follows 



r(i+i) Ji 



e-'rdt, {z>0). (A. 12) 



The function K^{z) equals 

2 



k+l 



}. (A.13) 



The simplest lower bound K\°^{z) for Ki+i (z > 0) can be found analo- 

2 2 

gously. From ( |A.9| ) one finds that 

Ki+i{z > 0) > K^ffliz > 0), 

2 2 

where 

'Tl 



K\^{z>Q) 

2 



def f ^\ \ 



TT 



r(i+i) 
i\ 



too 

1) Ji 



2^r(f + 1) 



— • (^>o) 



(A.14) 
(A.15) 



Z 2 



From ( |A.13| ) one infers that functions Ki^{z) and K2^{z), which majorize 
Ki{z) and K2{z) appearing in formuale (|A.11|) and ( |A.10| ), are equal to 



1. 

z' 



Kriz>o) - 

These relations enable us to find 

K^^iz > 0) 



o 6 6 
Z + 3 + - + — 



z z^ 



l2<l 
l2>l 
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z 

~ e~ 



(A.16) 
(A. 17) 

(A.18) 
(A.19) 



and 



Knz>0)U, ^ |, (A.20) 



ir7(^)L»i ^ le-^^. (A.21) 



From ( |A.15| ) one obtains 



e 



K[°'"{z>0) = , (A.22) 



z 
e 



which means that 



K'f'"iz>Q) = 2—, (A.23) 



^r(^>0)L«i = -, (A.24) 



2 



^r(^>0),«, = (A.25) 



B Appendix 



The answer for the question if the effect described in Sec. 3 is able to generate 
a such particle-antiparicle masses diference, which has significant contribu- 
tion into the observed matter-antimatter asymmetry, can be found using the 
simp let estimations of the integrals I^i^) -^Aiv(-r)- order to do this 
the use of the best estimations for the modified Bessel functions appearing 
in (|A.10|) , (|A.11|) is not necessary. The sufficient estimations can be obtained 



directly from ( [A.2| ) and ( [A.4[ ). It is easily to find that 



where 



- I^N,rmniz > 0) < -IaA^ > 0) < 'lAN^mxi^ > 0), (B.l) 



- > 0) = ^ r - ^')' ^"'^^ = z'K,{z), (B.2) 

Jz>0 

-lXN,mxiz > 0) = ^ f {x^ - Z^)"2 e"" dx 

(1 — e Jz>o 
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and 



(1 + e Jz>o 



oo 



^2 



-/i7v,„^.(^>0) = ^ r {x' - z'f^ e-^ dx ^ z'K,{z). (B.5) 

J2>0 

Treating integral ( [A. 21 ) analogously yields 

> 0) < /aw(^ > 0) < /i;v,mx(^ > 0), (B.6) 



where 



lN,rmni^ > 0) = \ T (x' - Z^)! C"^ ^ Z^iT^l^), (B.7) 



^2 



(1-e- 



z\2 



K2{z), (B.8) 



and 



def 1 r°° 



6[1 + e Jz>o 



z" 



(1 + e- 



iyi^2(^), (B.9) 
1%^^ > 0) = ^ r (a:^ - ^')^ e-^dx ^ z^^^l^)- (B.IO) 

O J2>0 

Analyzing the series representations for Ki{z) and K2{z) one concludes that 
the leading terms for z '^1 |^ are 



K,{z) ~ ^, 

i^2(^) ^ ^, (^«1), (B.ll) 



z'- 



and that for z^ \ the leading term of the modified Bessel functions is |^ 



Kn{z) ^ {z » 1, n = 1, 2, . . .). (B.12) 
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C Appendix 



For completeness, one more estimation of the integral, I^{z), will be consid- 
ered. Namely, taking into account that x > a > one finds from (|80D that 
the simplest upper bound of I^{z) for z > can be chosen as follows 

/SW<T-wS/ — ..<| — ... (C.I) 

This means that (see E3i) 



T+(z) < ^r(3)C(3) = ^C(3), (C.2) 

and 

T-(^)<r(3)C(3) = 2C(3). (C.3) 

Here C(3) is the Riemann's Zeta function of 3. These estimations are valid 
for any z > but in the literature are considered as approximate values of 



the integral for relativistic particles, z = j: ^ \, only (see, eg., p4 



D Appendix 

If one considers, eg., the estimation ( p.3|) as the exact value of the integral 
In{z) then one obtains the following expressions for rj'^^^ and ri~^^, 



^ Am [-lAN,mxiz)] ^ _J- Z^ 

Ix.mx 



— L Z_iiV,7^tX\ /J — jy / N 

V.,mx = -J. = 2C(3) (1 -e--)2 '^^^ 



5 

m 
" T 



and 

^ Am [-I^N,min{z)] ^ 2:^/^1(2:) 

'7x,min- J. 2C(3) 2C(3) 
These relations and, for instance, ( |B.11| ) give 

1 Am Am 



(D.l) 



(D.2) 



2(^(3) m m 

and 



(D.3) 



1 Am m Am m , , ,x 
7F' (f»0- (D-4) 



2C(3) T T T T 
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